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Inverse Trilatcration - A Positional Goal Seeking 
Algori thm for a Swarm of Autonomous Drones 

A bstract 

Stc,,·cn J. Novotm,y1 

Dt:ptO't11u;1U o/ Phy.fh'I, us Au· Ftm:e At.._id~my. C(J lqfYJ.do 

s~tt.J.nowtnir(tf!ll4.tl.a,,n 

11 38 S Shcri1wml Clw, Momm u;nt, CO 

111 tl1L• paper I •lcscrib1: u solutio11 to the rtvcrse CPS problem und il.s upplicalion 
to poiitionul goal seeking for a swann of autonotno•t• drones. CPS uses l<now11 
positions and com..sponcHng ru11gcs from multiple beacons to a s:hlglc location 
lO rlctcrminc the coordinates or Iha~ location. In contrast, this work uses rouge 
measurement• rrom a •Ingle target or bcucon (or unknown positiou) lo a grour> 
of cross-cotnrnunicatlng uutouom()US objects. These autonomous objects, using 
estimates of their own relative (not absolute) Jocations, estimated ra11g(~ to onn 
another, and range tlatu to the goul will converge rn1 that goul T he tonvergtmcc 
algorithm l• l>•se<I 011 a linear least-squares approach thus creating minimal 
dcnrnwls for on-boa rel compu t.a t.ionnl resources. An example npplicat ion is used 
to dcmonslrate the robustness or the approach lJy 11s\ng a .in1ple range finder 
based on assumed transmitlcr power uml u ~lmplc atu.:uuation m<>clcl. Thl• 
result~ show the algorithm aud cxmvc.rgcnce arc nat sensiti\-e to errors in the 
assurnOO attcn1u)t.ion. 
Keqtuott/$: Autonomow clrom:s. invcn,c trUatcration. least squarc3 
optimization, <1uadrotc•r 

0 1)baribution A; .-\pprO'o>Nl for 1mhllc rc?lco.so; d istrihullon I.it llnlimltN I. 

J oni! 1!!, t(ll4 

1. Inverse Tril3lerallon 

Tue Global l'ositiouh~ System (Gl'S) 1JSl.,; u goornctric procco>s call"l trilat · 
cratiou •o determine the po:Sition of a rccdv<"r. :Most simply srntc:tl, triluteraticm 
Lr,:; a proct"SS of ,lctenniniug u position by oonsitkriug the intt•nfCction of multiple 

, spheres. The rninjmum 11tunber of ~phcn~s rcquircc1 to cleh~nninc a three •limcn· 
siorwl 1><>siticm l~ four. T lw lntcrs<:ctiou of two spht!tc.:s {assmuin~ they intcnwct) 
"ill create a circle; the third is R~tuircd to "'duce 1he set or 1>ossilJlo points tu 
two; and Uw fourth n .. "<hu:c~s U1e scit t-.o o tmh1tu~ point. 

The Cl'S """'a sophi•ticate<I constcllution or ""tellitcs that tra1umit pooi· 
,.. t.ion uncl timi11g dat.u cc.mcinnotRotly. Each soh;llitc curries uu nt.omic clock ancl 

rtg11larly up<lotcd ephemeris data. The Gl'S has 1>roveo it,..,lr imtnC<1>1dy betll~ 
ficiul In innumcrnb1e civ1lla11 aml milit ary applicution'I. Ju iclr uJ c:irc111nst.oucc~, 
positiorn; for all objc'Cl.s at aU times C<IU lie dclcnoh11;1l urnl knowu with high 
accuracy through GPS. In irleal drcmnsta11e<:s, tho work 11<!,;ctibc.I in this pa]>(:r 

" wouM I.Jc tumCCC.isary. 

ln many fJt uations CPS is una\laiJa.l>le or unrchable. This condition can 
be <:mt~:cl Uy gcographlcal obstuch!S such as thOSt.: •'ucouuten:t1 in mountain· 
ous icrrain. The condition may also llCt'Ur throu~h rnan-mrnlc cffoct11, such al'i 
iut.cutionol.ly-huluc.:~d Gr S denied t:nvh'OlllO<:Ut.s. 111 I hu . .::(! sit.uutions, ultcrnatlvtJ 

,. roothtHls must be invoked-ones that tlo not rely uvon absolute positio11. 
Thu problem tlc:scril>e!t1 in thb1 pup<:r i::i t1ifforcut. rrmu ol1wr work ou nav· 

igating in a crS.tleuk'41 cnviromu(·nt . ~ud' as SiiunltancotL'i l.A>Cali':t-Utiou ancl 
Mapping or SLA?vl. SLA~vl is the 1>roccss or scusiug au 1111k11own (~11vironmcut 
using av-.Ulal>Jc sensor clata to chwdop both the pcl!SC of the llmnc and a llUll) 

.,. of the t•nvironmcut IIJ. TI'is work is couc:f•med ouly with goal seeking: fintllug 
the simplest wuy for ce swurm of autonornmL'I clroucs to oouvt:rg:c upon un ohjt'Ct. 
with no requirc1ncnt for absolute position. 

J.J . The Rwera< GPS Prob/cw 

T ho rcvc~c GPS pl'Ob1em t'<msiders u siugfo l>t•ocou tran.'Jnitting u signal 
.. from whid i a nmge (but uot ~it iou) c¥n be tl1•h'nninctl . Tl~'SC ruugc mca~ 



Figure I: Oc'<>rnetry for a group of four clr<mes and a single (gottl) l>cocon. 

suremcnts co11 then be usccl by a g:rour> of uutonomous entitit.-s who shurc: data 

about their uwn estimated position relative to one another arnl their Clltirnatcd 

range lo the b<-aoon. Fii:trre I iltuslr-ollCS the geometry of the problem, with the 

real world 30 problem reduced lo 2D for simplicity. 

T he objective for each clronc is to clct.cnnine f1 velocity vector wl1ic:ll will movu 

it from Us pra:-wnt local.ion towardi:; the goal. T he noccssary vdocit.y voctor for 

eaclt drone Is clctcrmillf:cl through the following: 

L Its OV.'l l estimated position, (:.r:., ,.J) 

2. its own estimated range to the gnul bcaonn. T, 

3. the .,.thnatcd t><11titions of ~u other clroms in the SV.'<lnn, (;r;1 , J,tj) 

4. the cstlrnn1cll range of each <Iron~ to the gnal beacon, 1·; 

B m;cd on figum 1 t he distaucu Uct w<:f:H dronu i and dronu j is givm1 by 

'•J = J(x, - x1)2 + (y, - Y;)2 

The distance 1Jct,.·Wt1 drone i am! the goal is given by 

(1) 

(2) 

Taking the above t.-c1rn1tion and mixing iu the i11Hut·11c<• or tJ1e other clrtmes (Uy 

•s addmg ant) s11Utnicti11g :r.1 anti !f;) bri\'(!S 

·r? = (g,. - x,)2 + (g, - y;)2 

= (!I, - x, + x, - x,)2 + (y• - Vi + Y, - yl)2 

=(!I, - :r,)2 + 2(9, - :r,)(:i:; - xi)+ (:r, - :r,)2 

... (y, - 11,)2 + 2(g, - 11,)(11; - 11.) + (111 - 11;}' 

llearr,111gi11J; tcnn.• gives 

- 2!(y,. - :i:;)(x; - x,) + C9u - Y;)(v; - Y;)I • 

1·~ - f(y, - x;)2 + (Yu - v,)°1- f(o:, - x,)' + (y; - y,)21 
or 

I 1 ' , (g, - .c1)(:r, - z1 ) + (g, - 111)(y, - v1)" 2Cr1 + r;J - r; ) 

(3) 

(4.) 

(S) 

II wt! now d 1no.-.1: uny ouc or the n clrmus, \Vt: ca11 •lcvc lop a system of 

equations for that ptnticular drmu .. '-thc onn which will IJc att.<~mpting t.o fi11d u 

,,. solution. As such1 uquaticm 5 rcpres.c::nfs a set of Ii - 1 linear equations fo1· t1ronc 

i. For th1! caslJ of <Iron~ 1, cquatiou 5 U.ecomcs 

)( ) I 1 2 2 (!I, - z , z1 - :r1) + (g• -y,)(in -111 • 2<'1 + r1.2 - r,) 

(g, - T1)(:r, - r1) + (g. -?11)(113 -vi) • ~H + •·I.s - r~) 
(6) 

(y, - x,)(x., - x ,) + (g, - 111)(11,. - 111) ~ ~(r~ + •{., - 1·~) 

OpHmizatiou tt.'Clmiqucs for improving CPS accuracy huvc been sttwlk,t 

" through lc~t Mtuu.rcs: e.ml uon-liucur lc.asl )((111.arcs spproachcs using the same 

fonnulalion given al.wnf'C (2) Howc\~er, lhc goal i11 the previous work was to 6ml 

an absolut e 30 position, i.e. Y:r an<l !Ju (uH(I g,). The goal in this work is to 



find the ctiffcrcnr-c in positions bd.wccn the unknown beacon am.I c8C.11 h1fhvid· 

uaJ drone, i.e. Co~ - x1) aml (g11 - Vi), fmm whidt dronE~ comm:uuls can be: 

o0 gc.nierul cd. 

1.11.. lcf.ut Squnre.t Solution 

The ~t nr 4;,'(lU3tions devclopc,, in the pr<:vious section represc1lt a n 0\'\1fcle> 

tennlncd, linear system of equatiolL'S. OC"C"..-uisc the 1listances r 1 and r,J and 

all positions ore only approxilnolc the problem lends itself lo a 1.,...1 square>! 

" sol111ion. For thi• problem, I will cx1>rc.<s I he set of cquat.ious with the Conn 

A · X - b "" 0 where 

(

"'• -:i;, ll'i-v1) 
Z:s - :r't 3/'J - y1 

A = . . 

Zn - Zt !In -yi 

x = (g, -:r,) 
9,-111 (

4(r:I + r1.o - r·~)l 
l (r' + r2 - r2) b = 2 I .1.2 l ( 7) 

~('1 + rL, - r!) 
The lc.n.st. S(1unres itpprouch requires us tu minimize ~he smn of the M)Unrcs of 

t.he r csi<luols, i.c 

'VF(X) : Q (8) 

where F(X) • llAX - b lJ2 =(AX - b)T( AX - b). This lea•b to Q solution in 

the fonn of 

(9) 

2. Simulnt.ions or a n n·dronc system using least squares optimlzAtion 

E·ach drouu was modc1ccl as a siuglo t_mllt.y, with t.hc ability to trausmit to 

other clroncs it.~ own est.imated positicm u11<I it~ measured range lo tho btuc:cm. 

,. Ead1 <lronc u•<:s these values to fin•I n solution from equation 9. The wlutlon L• 

converted to a velocity (or oommund) by nonnallzhq; the dilfcreiJC« V<'Ctor X, 

Le. v = X/ftXft and assuming a time stcr• of f>t = 1. Each drone ol>joct then 

ad\.'a.UCCS using a ~illlJ>lc proportionaJ oontmllcr. 

n tlroncs X m (9, - "'•·9v - Yo) (111) Or (111) " • (m) 11 .. 11 

5 (9!i2, 992) [110.8 a:u.2 608.7 

IO (009, 903) 248.4 17 1.9 302. 1 

15 (987, 987) 14r..o 147.8 210.G 

20 (984 , 998) 1;11 .1 106.7 169.5 

Table 1: LeasL S'JUBrCS solution for tlrouc l M a fm1ctiou or n., the unmlwr or 

drones in H 1C: l\WDrm. T he beacon is loc.uh.'C.I ut a posit ion {1000,lOlXl) au tllttl 

drone one.: is 1;1t (0,0). The nnt,~rtaiuty, u is tho stumlurtl clcviat.iou uft.cr 20,000 

calculations. T hu U1H!Crl ai11t.y in ull position and ruugu nu:.u::mrcmcmts is 1.0 m . 

111 all co11cdvul>le scc•nurios, uncertaiuty will bu prt':'«~nt in C\-Cry raugc aml 

~ position lllCOl.-liUremcnt. Thc.rf"lure, the 3l'Curacy or t he solutions gh-cu in cqua· 

lion 9 anti thll uncertainty shouM Ix: affoctcd by thll 1111111b<•r of clroucs, 11. 
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Figure 2 : Starting l>oSitions for 5, 10, 15, uml 20 drone swanns. 

TIWi result iA shown bi tab)c 11 lJ}t a.ssumiust uu uncertainty or 1.0 tu aJKl a 

goal b ea con 1>lucccl al u location of ( IU!Kl, IOIKI) 111. Tlw ""'""" is distribuli.! 



in " uniform, rectangular path:m, wit li th<! x-positlous ancl 11-posltions spaced 

11t 5 rn apurt. Orone one is always 1>lnccd a t. (0,0) a111I all dronc:s start with p osi· 

tive coorcllnatcs. T he starting configurations for each simuluLion arc shown in 

figure 2 . Thf' data in the tal>lc re1>r=Jll the results after 20,000 simulations. 

T he asymmetry in the,; an<I 11 stancla.rd clevlution represents tho asymmetry 

in the initial <lcploymcut po~lt.lon o f t he swarm with rcsp<ct. to I 111; l>ca<:on. T his 

•• can be 1'UCll most easily b(l ~xamining t he, results for t he fi rt t..·c:u-c1rone swanu, 

in which U>o TBUo of the standurd dC\•iations In r :uul 71 is cl ... < .. t to ouc. Tiiis 

swarm i~ the most symmetric with regards to the clircctiou to thr. goal, as seen 

in 2. 

Figure ~J shows the first. twenty titne stc1r.t for a swaml of fifteen d rones 

" towards a goal l>eacon locate<! at (75,75} m. figure 3a depict~ perfect range 

and position measurements ontl fiJttuc 31; rlcplcts an unocrtainty nf 1.0 m in 

rdJ1ge. aud position rncusuretncnts, simulate1l by gatt'\sian nQiSO ce11t-0rccl on the 

actu.ul 1>0•ltlon and with 11 = 1.0 m. 

,.;)~:.>·· . : : :/. · ..... ·: . ....... . . . . . . . - ~ 

(a) 

i ~ .... ~f;/:;~;~/:.-
• 0 . ... . 0 

.. 0 •• 
• • 0. Cl 

(b) 

Figure 3: Simulation re.ult.s for • swarm of 15 drones. Figure 3u hus zero 

uocer"lainty in raug;e and pc~itk>n measurement~: Figure Jb has w1a:rtaimy in 

range and position measurements of l.O m 

~. I . A •imple range-finder· in<Jdcl 

Obtaining il meusurcmcul or range from a given tlrone to the goal bcacu11 

is not a shllJ)le problem, 1xirticularly if a ~~t.em clcsigncr waslu:s to Bvoid a 

transpoucler for t he task. Mo.:,t range! filuliug l-IYl'll ,•111s1 such as Dh1t mwc Mta'iUr· 

iug Ec1uip1nf'11t (DME) IL':l~I ou aircraft requim u 1m1tuul t:xchaugt! oflnfor1natio11 

betwoon the goal bcaoou a111l thc at'Tial vchich:. 

One sc:euerio for f'lctcnuiuing clistaocc to an nbject of unkuown location is 

to co1is11lcr a trauSJnith'r of lowvm powcr1 a rcrtrlvcl', .(Uul a. solution Uusod 011 

an ~umod uUeuuatim1 11101 ld. For fn ?t: spact~ pro1>ugat.io11. w11 Call write an 

cx1uuiiou ror lo.-..., as 

P, . (4"'')' 1,(<10) • !Olug P,: = ltllog c/f (W) 

where P, is the o·ansrnittccl powc!r, P,. is t.hc rccdvc:r power./ b1 l hu fr<!<1 11cuc.~y 

of the trausmiltccl signal, c i.'I the NJX'Ccl or light, und "is the tlistuncc Leh\'(."CU 

the n"'CCivt·r uml lrai:a.guittcr. 

Au allcmatlvc cxpnssiou, one that iachulc .. i ilu:: cfft..-cl.s of sc·aUcring and 

otlrnr al tc11uution1 is given w; 

!', 
L(<lb} = 10 log P,: = 40 + 1011 log d + L.,.i.,. (11) 

1Aibere n is a trml that cu11turcs Sf""".-ttcring cffcoets. L.,o,rr captures othr.r loss<.'S 

h1 U1c path, tl is mcasurt'<I in krn, oth1 lhc fruqw:ncy is assumed tn lx: 2.45 CH7.. 

T ho vuhws for n and Lu11u1,. urn scenario <kpcntlcuf (SJ. For typic.n1 se<:narios., 

the scattering coeffici4..:trl n can range from 2 (n:pn..~uting frt:.! spac1• propaga

tion) to 4 (representing a hcuvily wuo1lctl an:a), ond L,.....,. can rnngc from U 

(free space) to 30 (heavily woo1l•1l area). Using tlu's" as-;umpt111us ab<mt scat-

11• t.trin.g, attmumtion, uncl transmit ted powcr1 u rcc•dvt:r c~.\11 fhul u <listaucc Uy 
mcasuriug rt!Ceiv4:.'fl power. 

It shook! be uote.J tl1•1 1 run not making auy tluims 011 the pmctlculity o f 

implemeHth'i the al;ovc me.Hid for range 1lt•fcn11h1ation. II is 111y goal to show 

that tJw "pproncl• c lisCU~'CI ir1 tltl: prcvlous scdio11s ls 1'oUust. <:111mgl1 lo l1ruHllc 

incompl<!tc or inaccurate rnngo <:.nlcuJutions mdHJ.; I his g,~11cralizell 1ooclcl. 
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F igure 4· Simulatl•m results for a swann of 15 drones. Range to the lMIOOn ill 

dctcnlilmxl Uascd on assumptions in ~igual a ttenuation. Figure 4u shnw11 the 

corr\!ct a."sumpl ion for both a t.tmmatiOH um) scottcrhig; Fi(:,'ll!C 4b o.ssum<~ free 

space propaJ.(ution when scatte ring <.Uld utt.uuuntlon a rc actually lhrough 11,ghtly 

wooclecl u.was: Figure 4c ussum<.'S free spaC4: propagation when st:tittcriug am t 

attenuation ore: actually through h<.:avlly woocll'<l areas. 

3. Simulations •n•I Results 

T he progl'C~lon nf u fifccmH lronc swanu WM t:uh;uh1tc. .. 1 for scv<~ral sccnarlc.s 

in whid t t he wrong ussurnµtions wer(~ uuulc Uy llm autonomous vd1iclcs, u.g . 

the vehicles assmnc:d a fr<..-c sp.acc prop,1gt1tio11 imlt•'•ul of a hcuvily wocHlctl an•u . 

The rc:mlt$ urc shnwu in figure 4. 

In each c.asc, tho S• .. .tnmi: (."Oll\'Crgctl ou the l>c·:.0011. As Lo1.1u-.r. lhc COIL"'iluut 

k>S'i: tcnn, inc~I, tht: swanu shov.'Otl ,;;igit'f uf tli~1>c·ndng a.'i it. appmacbccl tlu: 

goal The imprntwd obscniation, however, l-c tlu: swann st.ill cxmvcrgccl. The 

dispcn;lou is mulcrstarnlable, a...; t he coushmt Jt)S..11 tcmn will cause the: :swann Io 

think t.he IJcaccm l-= fort h<:r uway thuu U actually i:;, c:vcn when t.110 swi1r111 has 

reach~•) the goul 

3.1. Di.Jcuuiou 

The work iu the 1>rcviow sections sbtJ¥.1f the mlm..,tncss of the algorithrn, 

but many tcchuica1 l'i:mcs hav<~ not bcci1 din,'Clly utMr<:.'i.'\('(L 

lnteyrotwn of $t1tt.•m· tlnbJ. \Vith I he :.t~smnptio11 uf u GPS..dcuiecl c:nvil·u1111umt, 

position (as wcH as p<ist:) is dctermhmd through lut<igration of comrnumls uutl 

augmeuf(XI l>y dutu from on·boan l scnson1 :mch a."I u<:cclcrornctcrs ancl gym ... 

scopes. If uut cxcc11tc1( well, t his approach can 1111ickly lr.acl to uua<oL'\:l>tablo• 

and incrca..~ing errors ln position. ~lore a1h .. .uK't..-cl tl'dmlqucs, :n1ch as using on· 

boord ca•ll<!nlS. an> ><lcln .. "iSCll in other '"irk.• (4J J3] aurl will not be 1lisc1•"""'l 

here. I huvc i.ISMIJTI<."tl that Ilic rlrouc is capul>1t· of maintaining position.al data. 

with 1hc accurnc:y s tatt.1l for C<ldt shnnlatiou. 

Afinimal spm;iug. Tim ulgorithm I dt'$CtiUcd iucluclcd no ln<..'<:hani!-.1u fo1· <:11.'iur· 

ing the swarm tlOt."'C uot convc~rgc to a i;iti.glc poi11r . That safcb'ltar<l, M with all 

other details of autnnomolt..; navigatiou. were ~unwcl to be a part uf a b.t."lt..'

line control ulgnritltm. A C011Sl~alucd lcaot S<lll•""' upproach was c•msidl!lc•I for 

hanrllin~ issues sud1 as s1>acing, hut w~ rcjcc:t t."11 t•, 1uh1i1niZ<! complt~ity In the 

a1gor'itlun. 

10 



4. Conclusion 

The algorithm pm;cntcd in this paper demonstrates an important capability 

"'-.;Jablc though the use of multiple, aulonornous drones: the ability to use 

multiple entities, each ~ing limited data, to solve • compltx problem 

Though this •1>proach wa.~ conceived with •1uudrotors in mirnl, ii. certainly can 

be cxpumlc<I to other autonomous vehicles und problems. 
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